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Abstract. The goal of this paper is to study the dynamics of holomorphic diffeomorphisms in 
C™ such that the resonances among the first 1 < r < n eigenvalues of the differential are generated 
over N by a finite number of Q-linearly independent multi-indices (and more resonances are allowed 
for other eigenvalues) . We give sharp conditions for the existence of basins of attraction where a 
Fatou coordinate can be defined. Furthermore, we obtain a generalization of the Leau-Fatou flower 
theorem, providing a complete description of the dynamics in a full neighborhood of the origin for 
1-resonant parabolically attracting holomorphic germs in Poincare-Dulac normal form. 
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^ ■ 1. Introduction 

The goal of this paper is to put in a single frame both results by the first and the third author 
[8] and by Hakim [131 E] on the existence of basins of attraction for germs of biholomorphisms 
of C n . In [8 J basins of attraction were constructed, modeled on the Leau-Fatou flower theorem, 
^> for germs with one- dimensional sets of resonances; on the other hand, in (T3J E] the basins were 
CN \ constructed for germs tangent to the identity, in which case the set of resonances is the set of 
all multi-indices. In the present paper we deal with the case when the eigenvalues of the linear 
part have resonances generated by a finite number of multi-indices. Whereas considerable research 
\q . has been done for one-dimensional sets of resonances, much less is known when resonances have 
O \ several generators, which is the subject of our study. 

Let F be a germ of biholomorphism of C n , fixing the origin 0, and whose differential dFo 
^ ■ is diagonalizable with eigenvalues {Ai, . . . , A ra }, and denote by Diff(C n ; 0) the space of germs of 
• th , biholomorphisms of C n fixing 0. Given F, we shall say that it is m-resonant with respect to the 
first r eigenvalues {Ai, . . . , A r } if there exist m linearly independent multi-indices P 1 , . . . , P m E 
c3 W x {0} n_r , such that all resonances, i.e., the relations A s = YYj=i ^ for 1 < s < r, are precisely 
of the form {p u ...,p n ) = Y^Li k t pt + e « with k t G N, e s = (0, . . . , 0, 1, . . . , 0) with 1 in the s-th 
coordinate (see [15] for a detailed study of the general structure of resonances). Here and in the 
following we shall adopt the notation N = {0, 1, . . .}. 

The classical Poincare-Dulac theory (see [61 Chapter IV], [2]) implies that F is formally conju- 
gated to a map G = (Gi, . . . , G n ) with 

Gj(z) = XjZj + ^ a Kjj z KP Zj, j = 1, . . . , r, 

XP|>1 

X6N m 
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where KP := YltLi ktP 1 - Let ko be the weighted order of F, i.e., the minimal \K\ such that 
a K,j 7^ for some 1 < j < r. Such a number is a holomorphic invariant of F. 

In the study of the dynamics of F, an important role is played by the map 7r : C n — > C m given, 
in multi-indices notation, by z > (z p ,.. . ,z pm ). In fact, to G as above there is a canonically 
associated $ formal biholomorphism of (C m , 0) such that tt o G = $ o n. If ko < +oo, then $ is of 
the form 



where H ko +i is a non-zero homogeneous polynomial of degree k + 1. The map $ depends on the 
formal normal form G, but it is an invariant of F up to conjugation. Its truncation 



is called a parabolic shadow of F, because, since F is holomorphically conjugated to G up to any 
fixed order, the foliation {z e C n : 7r(z) = const} is invariant under G up to the same fixed order, 
and the action — of parabolic type — induced by G near on the leaf space of such a foliation is 
given by / up to order k + 2. 

One can then suspect that, if / has a basin of attraction and some other "attracting" conditions 
controlling the dynamics of F on the fibers of 7r : C™ — > C m are satisfied, then F must have a basin 
of attraction with boundary at 0. This is exactly the case, and it is our main result. Let v G C m \{0}. 
We say that F is (f,v)-attracting-non-degenerate if v is a non-degenerate characteristic direction 
for / in the sense of Hakim [13], i.e., H}~ 0+ i(v) = cv for some c ^ 0, such that all directors of v 
have strictly positive real part (see Section [2] for precise definitions). Although / is not uniquely 
determined by F, we will show that if F is (/, v )-attracting-non-degenerate with respect to some 
parabolic shadow / and some vector v, then for any other parabolic shadow f of F there exists 
a vector v such that F is (/, w)-attracting-non-degenerate. By Hakim's theory [15] . [H] (see also 
[5]), if F is (/, v )-attracting-non-degenerate then the map / admits a basin of attraction with 
on the boundary, and with all orbits tending to tangent to the direction [v]. 

If F is (/, v)-attracting-non-degenerate, we say that F is (f,v)-parabolically attracting with 
respect to {Ai, . . . , A r } if H ko+ i{v) = —(l/k )v (which can be obtained by scaling v) and 



Such a condition is invariant in the sense that if F is (/, v )-parabolically attracting with respect to 
some parabolic shadow / and some vector v, then for any other parabolic shadow f of F there exists 
a vector v such that F is (/, t>)-parabolically attracting. We simply say that F is parabolically 
attracting if it is (/, v )-parabolically attracting with respect to some parabolic shadow / and some 
vector v. Our main theorem is the following: 



$(«) :=u + H ko+1 (u) + 0(\\u\\ ko+2 ), 



f(u) :=u + H ko+1 (u) 
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Theorem 1.1. Let F G Diff(C n ; 0) be m-resonant with respect to the eigenvalues {Ai, . . . A r } and 
of weighted order k . Assume that \Xj\ = 1 for j = 1, . . . , r and \Xj\ < 1 for j — r + 1, . . . , n. If 
F is parabolically attracting, then there exist (at least) k disjoint basins of attraction having at 
the boundary. 

Moreover, for each basin of attraction B there exists a holomorphic map ip '■ B — > C such that 
for all z G B 

^oF(z) = ip(z) + l. 

Such a theorem on one side generalizes the corresponding result in [8] for 1-resonant germs 
and on the other side shows the existence of a Fatou coordinate for the germ on each basin of 
attraction. In [8] it is shown that the non- degeneracy and parabolically attracting hypotheses are 
sharp for the property of having a basin of attraction. 

Next we consider the case when F is m-resonant with respect to all the eigenvalues {Ai, . . . , A„} 
and |Aj| = 1 for all j = 1, . . . ,n. We show that if F is attracting- non-degenerate or parabolically 
attracting then so is F~ x . This allows us to show the existence of repelling basins for F, giving a 
generalization of the Leau-Fatou flower theorem in such a case. In fact, under these hypotheses, 
and in the 1-resonant case, we prove that a germ F which is holomorphically conjugated to a 
Poincare-Dulac normal form admits a full punctured neighborhood of made of attracting and 
repelling basins for F plus invariant hypersurfaces where the map is linearizable (see Theorem 15.31 
for the precise statement). 

The plan of the paper is the following. In Section [2] we briefly recall the known results for the 
dynamics of maps tangent to the identity that we shall use to prove our main result. In Section 
El we define m-resonant germs and study their basic properties. The proof of Theorem 11.11 is in 
SectionH] (see Theorem 14. 21 and Proposition S3]). Finally, in Section[5]we discuss our generalization 
of the classical Leau-Fatou flower theorem and we give an example showing that a m-resonant 
germ, m > 2, might be attracting- non-degenerate with respect to two different directions and 
parabolically attracting with respect to one but not to the other. 

2. Preliminaries on germs tangent to the identity in C m 

Let 

(2.1) h(u) :=u + H k0+1 (u) + O(|M| fe0+2 ), 

be a germ at of a holomorphic diffeomorphism of C m , m > 1, tangent to the identity, where 
Hk Q+ i is the first non-zero term in the homogeneous expansion of h, and k > 1. We call the 
number k + 1 > 2 the order of h. 

If m = 1 we have Hk 0+ i(u) = Au ko+l and the attracting directions {vi, . . . , v^} for h are defined 
as the fco-th roots of — These are precisely the directions v such that the term Av k+1 is in 
the direction opposite to v. An attracting petal P for h is a simply-connected domain such that 
G DP, h(P) C P and lim^oo h o£ (z) = for all z G P, where h o£ denotes the £-th iterate of h. 
The attracting directions for h^ 1 are called repelling directions for h and the attracting petals for 
h^ 1 are repelling petals for h. 
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We state here the Leau-Fatou flower theorem (see, e.g., [2], [T]). We write a ~ b whenever there 
exist constants < c < C such that ca < b < Ca. 

Theorem 2.1 (Leau-Fatou). Let h(u) be as in (12 .ip withm = 1. Then for each attracting direction 
v of h there exists an attracting petal P for h ( said centered at v) such that for each z G P the 
following hold: 

(1) h° e (z) ^ for all £ and lim*-^ j^iyy = v > 

(2) \h° e (z)\ k " ~ \. 

Moreover, the set given by the union of all ko attracting petals and ko repelling petals for h forms 
a punctured open neighborhood ofO. 

By the property (1), attracting (resp. repelling) petals centered at different attracting (resp. 
repelling) directions must be disjoint. 

For m > 1 the situation is more complicated and a complete description of the dynamics in a 
full neighborhood of the origin is still unknown. In this paper we shall use Hakim's results, that 
we are going to recall here. 

Definition 2.2. Let h G Diff(C m ,0) be of the form (12. ip . A characteristic direction for h is a 
non-zero vector v G C' m \ {0} such that H ko+ i(v) = Xv for some A G C. If Hk +\{v) — 0, v is a 
degenerate characteristic direction; otherwise, (that is, if A ^ 0) v is non-degenerate. 

There is an equivalent definition of characteristic directions. The m-tuple of (ko + 1)- 
homogeneous polynomials H ko+1 induces a rational self-map of CP™ -1 , denoted by H ko+ i. 
Then, under the canonical projection C m \{0} — > CP m_1 , non-degenerate characteristic directions 
correspond exactly to fixed points of H ko+1 , and degenerate characteristic directions correspond 
to indeterminacy points of H ko+ i. Generically, there is only a finite number of characteristic 
directions, and using Bezout's theorem it is easy to prove (see, e.g., 0, Lemma 2.1]) that this 
number, counted with multiplicity, is given by ((ko + l) m — l)/&o- 

Definition 2.3. Let h G Diff(C m ,0) be of the form (12. ip . Given a non-degenerate characteristic 
direction [v] G CP m_1 for h, the eigenvalues a±, . . . , ct m -\ G C of the linear operator 

A(v) := ^-(d(H ko+1 ) [v] - id) : T^CP" 1 - 1 -> ^CP™" 1 
fc 

are the called the directors of [v]. If all the directors of [v] have strictly positive real parts, we call 
[v] a fully attractive non-degenerate characteristic direction of h. 

Remark 2.4. Let [v] be a non-degenerate characteristic direction of h. Let H ko+1 (v) = rv. Then, 
replacing v by (— A; T) _1 / fc °t>, we can assume 

(2.2) H ko+1 (v) = 

ko 

Definition 2.5. A representative v of [v] such that (12. 2p is satisfied is called normalized. 
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Note that a normalized representative is uniquely determined up to multiplication by k -ih 
roots of unity. 

Remark 2.6. For m = 1 each germ h G Diff(C,0) with Hk 0+1 ^ of the form (12 .ip has exactly 
one non-degenerate characteristic direction which is clearly fully attractive. 

A parabolic manifold P of dimension 1 < p < m for h G Diff(C m , 0) of the form (12.11) is 
the biholomorphic image of a simply connected open set in C p such that G dP, f(P) C P and 
lim^oo h° e (z) = for all z G P. If p — 1 the parabolic manifold is called a parabolic curve, whereas, 
if p = m the parabolic manifold is called a parabolic domain. Due to M . Abate |T] , parabolic curves 
always exist for germs of holomorphic diffeomorphisms tangent to the identity in C 2 , whereas in 
higher dimension they are known to exist "centered" at non-degenerate characteristic directions 
(J. Ecalle [ID], M. Hakim [T3], see also 0]). 

On the other hand, Hakim [T2] (based on the previous work by Fatou [TT] and Ueda [12], [2U] 
in C 2 ) studied the so-called semi-attractive case, with one eigenvalue equal to 1 and the rest of 
eigenvalues having modulus less than 1. She proved that either there exists a curve of fixed points 
or there exist attracting open petals. Such a result has been later generalized by Rivi [16J. The 
quasi-parabolic case of a germ in C 2 , i.e. having one eigenvalue 1 and the other of modulus equal 
to one, but not a root of unity has been studied in [9] and it has been proved that, under a certain 
generic hypothesis called "dynamical separation" , there exist petals tangent to the eigenspace of 
1. Such a result has been generalized to higher dimension by Rong [17], [18]. We refer the reader 
to the survey papers |2j and [7] for a more accurate review of existing results. 

We state here the theorem of Ecalle and Hakim needed in our paper. 

Theorem 2.7 (Ecalle [TO], Hakim [T3]). Let h G Diff(C m ,0) be as in (J2HD and let [v] be a fully 
attractive non-degenerate characteristic direction for h. Then there exist k$ parabolic domains such 
that h°i(z) 7^ for all j and lim^ccf/i -?^)] = [v] for all fixed z in one such a parabolic domain. 
Moreover, if v is a normalized representative of [v], then the parabolic domains can be chosen of 
the form 

(2.3) M RC = {(x,y) G C x C^ 1 : x G W R , \\y\\ < C\x\}, 

where H R , i = 1, . . . , k , are the connected components of the set A R ■ = {x G C : la:*"' — ^| < 
and R > is sufficiently large. 

3. Multi-resonant biholomorphisms 

Given {Ai,...,A n } a set of complex numbers, recall that a resonance is a pair {j,L), where 
j G {l,...,n} and L = (li,...,l n ) G N n is a multi-index with \L\ := Y^h=x^h > 2 such that 
\j = \ L (where \ L := A^ 1 • • • A^ n ). We shall use the notation 

Res j(X) := {Q G rC : \Q\ > 2, X Q = Xj}. 

With a slight abuse of notation, we denote by Cj = (0, . . . , 0, 1, 0, . . . , 0) both the multi- index with 
1 at the j-th position and elsewhere and the vector with the same entries in C n . Note that if 
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Q G Res j (A) then \ Q ~ e J = 1 and P := Q - ej G Afj, where 

Mj ■= VjUM, 

with 

Vj := {P G Z™ : |P| > = -1^ > for h ^ j} 

and 

M:={P e N n : |P| > 1}. 

Moreover, if P G J\fj is such that A p = 1, then either P G Vj, and so P + G ReSj(A), but 
P + et ^ Res^(A) for h ^ j and kP + e,- G" ReSj(A) for each integer k > 2, or P G A'l, yielding 
A;P + G Res ^(A) for /i = 1, . . . , n for any k G N \ {0}. We shall denote 

n n 

In the rest of the paper, and without mentioning it explicitly, we shall consider only germs of 
diffeomorphisms whose differential is diagonal. 

Definition 3.1. Let F be in Diff(C n ; 0), and let Ai, . . . , A n be the eigenvalues of the differential 
cIFq. We say that F is m-resonant with respect to the first r eigenvalues Ai, . . . , A r (1 < r < n) 
if there exist m multi- indices P 1 , . . . , P m G N r x {0} n_r linearly independent over Q, so that the 
resonances (j, L) with 1 < j < r are precisely of the form 

(3.1) L = e J + k 1 P 1 + --- + k m P m 

with ki, . . . , k m G N and k\ + • • - + k m > 1. The vectors P 1 , . . . , P m are called generators over 
N of the resonances of F. We call F multi-resonant with respect to the first r eigenvalues if it is 
m-resonant with respect to these eigenvalues for some m. 

Example 3.2. Let the differential of F G Diff(C 4 , 0) have eigenvalues Ai, . . . , A4 such that Af = 1 
but Ai 7^ 1, A2 = —1, and X^Xl = 1. Then F is 2-resonant with respect to Ai, A2 with generators 
P 1 = (3,0,0,0), P 2 = (0,2,0,0). On the other hand, F is not multi-resonant with respect to all 
eigenvalues because it has the resonance A3 = \\ which is not of the form (13. ip . 

Remark 3.3. Note that if P 1 , . . . , P m are generators over N of the resonances of P, each multi-index 
P G N n such that A p = 1 is of the form 

p = ^P 1 + ■■■ + k m P m 

with fci, . . . , k m G N. 

Lemma 3.4. If F is m-resonant with respect to Ai,...,A r; then Xj ^ \ s for 1 < j < r and 
1 < s < n with j 7^ s. 

Proof. Assume that Xj = A s with j and s as in the statement. Denote 

£ := {hP 1 + ■■■ + k m P m : kj G N, h + ■ ■ ■ + k m > 1}, 
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where P 1 , . . . , P m are the generators. Then for any P G E, (J, P + ej) is a resonance corresponding 
to the identity Xj = X p Xj. Since Xj = X s , we also have the resonance relation Xj = X P X S , which 
by Definition 13.11 implies P + e s — ej G E. Therefore E + (e a — ej) C E, and hence, by induction, 
E + N(e s — ej) C E. On the other hand, fixing any P G E, we can find k G N such that 
P + k(e s — ej) £ Ai, and hence P + k(e s — ej) £ E. We thus obtain a contradiction proving the 
lemma. □ 

Let P,Q G M. We write P < Q if either |P| < or |P| = \Q\ but P precedes Q in the 
lexicographic order, i.e., = for 1 < h < k < n and pk < qu- 

We have the following uniqueness property. 

Proposition 3.5. Let F G Diff(C n ; 0) be m-resonant. Then the set of generators is unique. 

Proof. Let us now assume by contradiction that there are two sets of generators, P , . . . , P m and 
Q 1 , . . . , Q m , that we can assume to be ordered, i.e., P 1 < • ■ ■ < P m and Q 1 < • • ■ < Q m . For each 
j G {1, . . . , m} we then have 

P J = kj\Q + • • • + kjrnQ , 
with fcj jS G N and at least one kj >s ^ 0, say % s (j> Analogously, for /i = 1, . . . , m we have 

Q' 1 = h^P 1 + • ■ ■ + lh,mP m , 
with lh jt G N, and with at least one of them non zero. Therefore we have 
P~* = kj \Q -\- • • • -\- kj jm Q 

— kj t \ {ll,\P + • • • + h,mP m ) + • • • + kj 7m (im^P 1 + • ' ' + l m , m P m ) 
(J^Ji 1^1,1 ' ' ' fcj,rrJ"m,l)P ~\~ ' ' ' ~\~ [kj,lll,m ~\~ ' ' ' ~\~ kj m l mrn ^P , 

yielding, since P 1 , . . . , P m are linearly independent over the rationals, 

kj,ih,h H H k jtm l myh = for /i 7^ j. 

Now, since kj tS ,lh,t £ the second equations in (13. 2p are satisfied only if, for s = l,...,m, 
kj,sh,h = for each h j, hence Z a 0')>/i = for /i 7^ j because fcj-^m 7^ 0, and therefore = 
ls(j),jP^] this implies that in the first equation in (13. 2 j) we have fcj, s (j)^s(i),j 7^ 0, and thus it has to 
be equal to 1, yielding 

P^ = Q S ^ for j = 1, . . . , m. 

Therefore, since we are assuming P 1 < • • ■ < P m and Q 1 < • ■ ■ < Q m , we have = j for all j, 
that is P J = Q- 7 , contradicting the hypothesis. □ 

Definition 3.6. The generators P 1 , . . . , P m are called ordered if P 1 < • ■ ■ < P m . 

Let F G Diff(C n ; 0) be m-resonant, and let P 1 , . . . , P m be the ordered generators over N of its 
resonances. By the Poincare-Dulac theorem [6], we can find a tangent to the identity (possibly) 
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formal change of coordinates of (C n , 0) conjugating F to a germ in a (possibly formal) Poincare- 
Dulac normal form, i.e., of the form 

r n 

(3.3) F(z) = Dz + J2 aK, s z KP z s e s + £ R s {z)e s , 

s=l \KP\>2 s=r+l 

i<efi m 

where D = Diag(Ai, . . . , A n ), we denote by KP = XX=i ^hP h , and R s (z) = 0(||z|| 2 ) for s = 
r + 1, . . . , n. 

Remark 3.7. By the proof of the Poincare-Dulac theorem it follows that, given any I > 2, there 
exists a polynomial (hence holomorphic) change of coordinates tangent to the identity in (C n , 0) 
conjugating F to a Poincare-Dulac normal form up to order I. 

Poincare-Dulac normal forms are not unique because they depend on the choice of the resonant 
part of the normalization. However, they are all conjugate to each other and, by Lemma I3.4[ a 
conjugation ip between different Poincare-Dulac normal forms of F, which are m-resonant with 
respect to the first r eigenvalues, must have the first r coordinates of the type 

(3.4) ijj j {z)= lj z j + 0{\\zf) j = l,...,r 
with 7j ^ 0, j = 1, . . . , r. Hence the following definition is well-posed. 

Definition 3.8. Let F G Diff(C"; 0) be m-resonant with respect to {Ai, . . . , A. r }, and let 
P l ,...,P m be the ordered generators over N of its resonances. Let F be a Poincare-Dulac 
normal form for F given by (13.31) . The weighted order of F is the minimal ko = \K\ G N \ {0} 
such that the coefficient ax, s of F is non-zero for some 1 < s < r. 

Remark 3.9. The weighted order of F is +oo if and only if F is formally linearizable in the first 
r coordinates. 

Let F G Diff(C n ; 0) be m-resonant, and let P l , . . . , P m be the ordered generators over N of its 
resonances. Write P J = (p{, . . . ,p! r , 0, . . . , 0), for j = 1, . . . , m. Let k < oo be the weighted order 
of F. Let F be a Poincare-Dulac normal form for F given by (13.31) . Then we set 



g(z) = Dz + yj clk, s z 



z s e s . 



8=1 \K\=k Q 



Consider the map 7r : (C n , 0) — > (C m , 0) defined by ir{z\, . . . ,z n ) := (z p , . . . , z pm ) = {u\, . . . , u r 
Therefore we can write 



G(z) = Dz + Y a K, s u K z s e s 



s=\ \K\=k 



and G induces a unique map $: (C m , 0) — > (C m , 0) satisfying $ o n = n o G, which is tangent to 
the identity of order greater than or equal to ko + 1, and is of the form 

$(u)=u + H ko+1 (u) + 0(\\u\\ ko + 2 ), 
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where 



(3.5) 



H, 



fco+l 



:«) 



\K\=k 



U, 



\ 



E 

\K\=ko 



Pl^— + ■ ■ ■ + Pr^T 

A\ A r 



A\ A r 



u 



K 



U 



K 



Definition 3.10. We call mh)w + H ko+ i(u) a parabolic shadow of F. 

Remark 3.11. Let / : u i->- u + Hk +i{u) be a parabolic shadow of F. Then clearly Hk +i re- 
mains unchanged under (holomorphic or formal) changes of coordinates of the type z i— >■ z + 
^(lkl| 2 ) which preserve Poincare-Dulac normal forms of F. In case of a linear change of co- 
ordinates preserving Poincare-Dulac normal forms, by Lemma 13. 4[ it has to be of the form 
(zi,...,z n ) h> (fiiZi, . . . , fi r z r ,l(z)) with l(z) G C n_r . Then the a^j's become a>K,jH KF , where 
/i = (/ii, . . . , /x r , 0, . . . , 0) € C n , and the parabolic shadow becomes / : u H- u + Hk +i(u) where 



(3.6) 



EE" 

i=l \K\=ko 



!< ~ p (r? aK ' 1 



Ai 



+ 



A r 



)u K Uj€j. 



In particular, if [u] G CP" 1 1 is a non-degenerate characteristic direction of / with v G C m a 
normalized representative (i.e., satisfying ( 12.21) ). then 



pm 



is a normalized representative of a non-degenerate characteristic direction for /. Moreover, the 
matrix A(v) of / is conjugated to A(v) (see [13] and [5]) — hence, if [v] is fully attractive for /, 
then so is [v] for /. 

Definition 3.12. Let F G Diff(C n ; 0) be m-resonant with respect to Ai, . . . , A r , with P 1 , . . . , P' m 
being the ordered generators over N of the resonances. Let ko < +oo be the weighted order of F. 
Let / be a parabolic shadow of F. We say that F is (f,v)-attracting-non-degenerate if v G C m is 
a normalized representative of a fully attractive non-degenerate characteristic direction for /. 

If F is (/, v )-attracting-non-degenerate and f(u) = u + H ko+1 (u) with H ko+1 as in (13.51) . we say 
that F is (/, v)-parabolically attracting with respect to {Ai, . . . , A r } if 



(3.7) 




< 



3 



We say that F is attracting-non-degenerate (resp. parabolically attracting) if F is (/, v)- 
attracting-non-degenerate (resp. (/, v )-parabolically attracting) with respect to some parabolic 
shadow / and some normalized representative v G C m of a fully attractive non-degenerate 
characteristic direction for /. 
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Remark 3.13. By Remark 12.61 if F is m-resonant with m = 1, then it is one- resonant as defined in 
[HI; it is easy to check that F is attracting- non-degenerate (resp. parabolically attracting) according 
to Definition 13.121 if and only if it is so according to the corresponding definitions in [H]. 

Remark 3.14. According to Remark 13.111 if F is (/, v )-attracting-non-degenerate (resp. (f,v)- 
parabolically attracting) with respect to some parabolic shadow / and some normalized represen- 
tative v G C m , then it is so with respect to any parabolic shadow (for the corresponding normalized 
representative v). It might also happen, as we show in Section [5.1[ that F is (/, v ')-attracting- 
non-degenerate (resp. (/, v ^-parabolically attracting) with respect to the same parabolic shadow 
/ but to a different direction v'. 

4. Dynamics of multi-resonant maps 

Definition 4.1. Let F G Diff(C n ;0). We call a (local) basin of attraction (or attracting basin) 
for F at a nonempty (not necessarily connected) open set [/cC™ with G U, for which there 
exists a neighborhood basis of such that F(U D fij) C U fl Qj and F om (z) — > as m — > oo 
whenever z G U D Qj holds for some j. 

Theorem 4.2. Let F G Diff(C ra ; 0) be m-resonant with respect to the eigenvalues {Ax, . . • A r } and 
of weighted order ko- Assume that \Xj\ = 1 for j = 1, . . . , r and < 1 for j = r + 1, . . . , n. If 
F is parabolically attracting, then there exist (at least) ko disjoint basins of attraction having at 
the boundary. 

Proof. Let P , . . . , P m be the ordered generators over N of the resonances of F. Up to biholomor- 
phic conjugation, we can assume that F(z) = (Fi(z), . . . , F n (z)) is of the form 

F J (z) = X j z j (l+ ^ K A+0(\\z\D, j = l,...,r, 

\ fc <|K|<fc ; 3 / 

K £N m 

Fj(z) = X jZj + 0(\\z\\ 2 ), j = r + l,...,n, 

where 

k := max{\K\ : \KP\ < I}, 

with KP := Y.h=i k h ph - 

We consider the map n: (C n , 0) — > (C m , 0) defined by 7r(z) = u := [z p , . . . , z pm ). Then we can 
write 




K £N m 



The composition ip := ir o F can be written as 

tp(z) = $(u, := $(m) + g(z), ¥(u) = u + H ko+1 (u) + 
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where $ is induced by G via n o G = $ o tt and Hk +i(u) has the form (13.51) . and where h(u) = 
O(\\u\\ ko+2 ) and g{z)=0{\\z\\ l+l ). 

Since F is attracting-non-degenerate by hypothesis, its parabolic shadow u i-> tt + /ffc +i(ii) has 
a fully attractive non-degenerate characteristic direction [v], such that v G C m is a normalized 
representative, i.e., v satisfies (12.21) and the real parts of the eigenvalues of A = A(v) are all 
positive. In particular, we can apply Theorem 12.71 to $(«). Then there exist ko disjoint parabolic 
manifolds M RC , i = 1, . . . , k , for $ at in which every point is attracted to the origin along a 
trajectory tangent to [v]. We shall use linear coordinates (x, y) G C x C m_1 where v has the form 
v = (1, 0, . . . , 0) and where the matrix A is in Jordan normal form. 

We will construct ko basins of attraction B RC C C n , i = 1, . . . , ko for F in such a way that 
each B RC is projected into M RC via 7T. The parabolic manifolds Mj^'s are given by (12.31) . and 
we can assume that the component II R is chosen centered at the direction 1. We first construct a 
basin of attraction based on M RC . We consider the sector 

S R (e) := {x G A R : |Arg(x)| < e} C n^, 
for some e > small to be chosen later, and we let 

B X R,c(e) = {fay) e C x C™- 1 : x G ||y|| < C\x\}. 

Let /3 > and let 

B := {z G C n : |^| < |ar|^ for j = l,...,n, w = tt(z) G 5^ c (e), u= (x,y) G C x C" 1 " 1 }, 

First of all, taking (3 > sufficiently small, since a; is a linear combination of z pl , . . . , z pm , it is 
easy to see that B is an open non-empty set of C n and G 95. 

Next, we prove that B is F-invariant. Let z G B and let w = 7r(z). We consider the blow-up 
C m of C m at the origin, in the local chart centered at v, where the projection C m i— > C m is given 
by (x,y) i — y (x,y) = (x,xy). Since d$o = id, the map $ can be lifted to C m . In the coordinates 
u — (x,y), the lifting of the map $ to C m takes then the form [131 E]: 

= x - -*-x fco+1 + h x (x,xy) + 0i (z), 

y, z) = (/ - x k °A)y + x~ l h'(x, xy) + x~ x g\z) 

where we denote by $'(it, 2;) = ($ 2 (m, z), . . . , $ m (w, z)), = (h 2 (u), . . . , h m (u)) and = 

(52(^)5 • • • ,9m( z ))-> an d we recall that hj(u) = O(||u|| fco+2 ) and gj(z) = 0(||2;|| i+1 ) for j — 1, . . . ,m. 
We now consider the change of coordinates (U, y) = (x~ h °, y). In these new coordinates we have 

^ 1 (U,y,z) = ^ 1 (U- 1 / ko ,y,zy ko , 

&(U,y,z) = $\U- 1 / k0 ,y,z). 

Note that x G S R (e) if and only if U G H R (e), where 

H R (e) := {w G C : Rew > R, |Arg(w)| < k e}. 
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Now fix < 5 < 1/2 and < d < c. Since Re 
attracting hypothesis, there exists e > such that 



K\=k -^-v K ) < by the parabolically 



(4.1) 



i+ y °^-u k 

|K|=fc ■> 
K SN m 



< 1 - 2c\x 



fco 



for all u G Bj, c (e). We choose > such that 

(4.2) 0(6 + 1) - ck < 
and we choose I > 1 so that 

(4.3) /3/>/c + l. 
We have 

1 



ko 



§ 1 (U,y,z) = U 



+ U 1 />«h 1 (U-V>*,y) + U^ gi {z)^ 

Since in B we have ||z|| < n\x |^,and||w|| < |a;|+||y|| < (1+C)\x\, recalling that h^u) = O(\\u\\ ko+2 ) 
and gi(z) = 0(||,2||' +1 ), we obtain that there exists K > such that 



and 



It/l^l/iiCcr 1 /* ,!/)! < K \u\ 1/kQ \u\- {ko+2)/ko = K\u\- l - l/kQ , 



\U\ 1/ko \ gi (z)\ < K\U\ 1/k °\xf {l+1) = K\U\ {1 ~W +1))/k \ 



Therefore, by (14.31) . if R is sufficiently large, for any z G B (and hence for any U G Hn(e)), we 
have 



(4.4) 



$ 1 (U,y,z) = U + l + v(U,y,z) 



with \u(U,y,z)\ < 5 < 1/2. In particular, U\ := y, z) G Hn(e). Therefore we proved that 

(under a suitable choice of R) 



(4.5) 



z G B =>• Xi := $i(m, z) G Sjz(e). 



Next we check that yi := <&'(x,y,z) satisfies \\yi\\ < C. With the same argument as in [IB] , we 
obtain for suitable K > 0: 

< ||j/||(l - A|x| fc ") + llx- 1 ^,^)!! + \\x- l g'(z)\\ 

< \\y\\(l - X\x\ k °) + K\x\ ko+1 + K\xf {l+1) - 1 

< C(l - \\x\ ko ) + K\x\ ko+1 + K\xf {l+1) - 1 

< C 
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where A > is such that the real parts of the eigenvalues of A = A(v) are all greater than A, and 
so H2/1II < C for R sufficiently large, in view of ( I4.3j) . Hence we proved that if z G B, then 

(4.6) n(F(z)) = $(u,z)eBi c (e). 



Now, given z G B, we have to estimate for j 



n. We first examine the components 



Fj for j = r + 1, . . . , n. Set z' :— (zi, . . . , z r ) and z" := (z r+ x, . . . , z n ). Then 

F(z)" = Mz" + h(z)z, 

where M is the (n — r) x (n — r) diagonal matrix with entries Xj (j = r + 1, . . . , n) and h is a 
holomorphic (n — r) x n matrix valued function in a neighborhood of such that h(0) = 0. If 

r + 1, . . . , n, it follows that there 
r + 1, . . . , n. Also, let < b < 1 — a. Then, for 
R sufficiently large, it follows that < b/n if z G B. Hence, letting p = a + b < 1, we obtain 



z G B, then \zj\ < \x\^ for all j. Moreover, since |Aj| < 1 for j 
exists a < 1 such that \XjZj\ < a\zj\ < a\xf for j 



(4.7) 



Fj{z)\ < \\jZj\ + \\h(z)\\\\z\\ < a\xf + -n\xf = (a + b^xf =p\xf. 



Now, we claim that for R sufficiently large, it follows that 

1 



(4.8) 



\x\ < 



VP 



V 



Xi\ 



where x\ = $i(u,z). Indeed, ( 14. 8ft is equivalent to \Ui\ < p ko '^\U\ and hence to 

\U+l + v(U,y 1 z)\_ <p _ ko/ ^ 



\U\ 



But the limit for \U\ — > oo in the left-hand side is 1 and the right-hand side is > 1, thus (14.81) 
holds for R sufficiently large. Hence, by (14 .7p and (14. 8 p we obtain 



(4.9) |i^)| < \ Xl f, j 

For the other coordinates, we have 



r + 1, . . . , n. 



X jZj I 1 



A, 



-U 



+ f j (u)\+g j (z), ft = 0(\\u\^ +1 ), gj = 0{\\z\r^ 



for j 



, r. Thanks to (14. ip we have 



i+ £ °fiu K +m 



A'fct 



< 1 — c\x 



feo 



Moreover, if z G B and R is sufficiently large, we have, for a suitable D > 0, 

\ gj (z)\ < D\\z\\ l+1 < D\xf {l+1) . 
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Therefore for j = 1, . . . , r 



(4.10) < \x\ P ( 1 - 4n ) + \ N 



|C/|y |17|/W 
- f 1^ — + D ) \ x \f> 

Since we have chosen (31 > k + 1 in (|4.3p . and /3 < 1, we get > 1- Hence, if i? is sufficiently 

large, for all U e H R (e) 

m :=1 -W\ + \uW^ <1 - 

Now we claim that, setting x\ = z), we get 

\x\ <p(f/) _1//3 |xi|, 

which is equivalent to 

(4.ii) i^i < P (uy ko/l3 \u\. 

Since, by (14. 4p . we have 



U 1 = U + l + v(U,y, z), 



with \v(U, y, z)\ < 5, we obtain 



\Ut\ \U + l + v(U,y,z)\ < x | 1 | < 1 , 1 + ^ 



|[/| |c/| - |[/| |c/| - |tr| 

On the other hand, by our choice of < d < c and taking R sufficiently large, we have 

„/ \ -ko/P 



i- M ) <P(U) 



and hence, in order to prove (14. lip , we just need to check that 

1 + 5 / d ^ ~ ko/p 

1 + 



But 



/ \ -ko/P , , 

1-7^1 =1 + ^ + 



\v\) PP\ 

and since (I4.2p ensures that 5 + 1 — dk /f3 < 0, if R is sufficiently large, (14.1 ip holds, and the 
claim is proved. Therefore, in view of (I4.10p we have 

(4.12) 1^(3)1 < \x,f, j = l,...,r, 

which together with (14. 9p and (14. 6 p implies F(B) C B. 
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Then, setting inductively = (x^ l \y^) := tc(F°( l ^(z)), and denoting by py. C n — > C the 
projection Pj(z) = Z/, we obtain 

\ Pj oF°\z)\ < \x®f 

for all z G B. Moreover, as a consequence of (I4.4p . we have lini/^ +00 x^- ) = 0, implying that 
F ol (z) — > as / — > +oo. This proves that B is a basin of attraction of F at 0. 

Finally, since the same argument can be repeated for each of the parabolic manifolds M % R c of 
$, and those are disjoint, we obtain at least ko disjoint basins of attraction, and this concludes 
the proof. □ 

4.1. Fatou coordinate for m-resonant parabolically attracting germs. In this subsection 
we shall prove the existence of the so-called Fatou coordinate for m-resonant parabolically at- 
tracting germs, ending the proof of Theorem ll.il Given F G Diff(C n , 0) with B attracting basin of 
parabolic type, a holomorphic function ip : B — > C so that F is semi-conjugated to a translation, 
i.e., 

(4.13) ip o F(z) = ij)(z) + 1 

for all z G B, is usually called the Fatou coordinate of F relative to B. In dimension one, given 
/ G Diff(C, 0) tangent to the identity, f q ^ id for any q > 1, there exists the Fatou coordinate 
of / relative to P, for any attracting petal P (see for example [21 Theorem 3.2]), and in higher 
dimension Hakim in [TJ] (see also [5]) proved the existence of the Fatou coordinate for any tangent 
to the identity germ with a fully attractive non-degenerate characteristic direction relative to the 
associated attracting basin (see [21] for more recent results also in the degenerate case). 

Proposition 4.3. Let F G Diff(C n ; 0) be m-resonant with respect to the first r < n eigenvalues. 
Assume that = 1 for j = l,...,r, \Xj\ < 1 for j = r + 1, . . . ,n, and suppose that F is 



parabolically attracting. Then for each attracting basin B of F given by Theorem \4-2[ there exists 
a Fatou coordinate \i: B — > C. 

Proof. Let B be one of the attracting basin of F constructed as in Theorem I4.2[ and use the same 
notation as in the proof of Theorem 14.21 From the proof of Theorem I4.2[ it follows that there 
exists c G C such that 

(4.14) $ 1 (u i y iZ ) = U + l + ± + u{U, y, z), 
with 

(4.15) \v{U,y,z)\ = 



Consider the sequence {/it}, with pe- B — > C, defined as 

ti i (z)=$° 1 \ir(z),z)-£-clog 



*?(*{z),z) 
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We claim that {/i^} is a Cauchy sequence with respect to the topology of uniform convergence, 
and therefore it has a holomorphic limit function \i. Indeed, setting Ue :— 3>°*(7r(;z), z), we have 

M+i(z) - ne(z) = U e+ i - £ - 1 - clogL^+i - U e + £ + c\ogU e 

c ( 'U t + 1 + j- + V(U e ,y,zY 
= U t + l + ± + v(U e ,y,z)-l-U e -c] gl- 

c , -in .. ~\ „i„„/^i , 1 , c _ , H u t>y> z Y 

-2 
I 



= - + V(U„ % z)-c\o 6 \l + - + w + 



Hence for all z G B, we have 

\to+i(z) - M z )\ = 

and therefore 



M\'\u} +f, \ 



i*t -1*0 = ^(to+i - 1*3) 
3=0 

converges absolutely uniformly on B to a holomorphic limit /x, the sequence {fie} is Cauchy, and 
we can write \i = lim fj,g — (j, + 77, where 77 converges to uniformly on B as z tends to 0. 
The limit function fj, semi-conjugates F to a translation. Indeed, we have 

n{F{z)) = hm[$i(^,y^) - £ - clog^U^ye, z e )) + rj(F(z e ))} 

I— too 

= lim (U e+ i - £ - c log C/^+i + 77(^+1)) 
= M*) + 1, 

and we are done. □ 



5. Final remarks 

5.1. Example of germs parabolically attracting with respect to different directions. 

Here we construct a family of 2-resonant germs in C 3 which are (/, v i)-attracting- non-degenerate 
and (/, t> 2 )-attracting-non-degenerate (where / is a parabolic shadow and i>i,i>2 are normalized 
representatives of two different fully attractive non- degenerate characteristic directions) and which 
are (/, i>i)-paraboricaHy attractive but not (/, i^-parabohcally attractive. 

Let P 1 = (2, 3, 0) and P 2 = (0, 2, 5). Let Ai, A2, A3 G C* be of modulus 1 such that relations are 
generated by A^A 3 , = 1 and A|A| = 1. It is easy to see that Xj = \ L for L G N 3 , \L\ >2,j — 1, 2, 3 
if and only if L — k\P x + k 2 P 2 + ej for some k 1: k 2 G N. 

Let F be of the form 

F j( z ) = \ z ii l + b ei,3 zP + Kj zP ) J = 1,2,3. 



Ho(u) 
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Then F is 2-resonant with respect to {Ai,A 2 ,A3} and of weighted order k = 1. A parabolic 
shadow of F is f{u) = u + H 2 (u) where 

ui [(26 ei)1 + 36 ei>2 )wi + (26 e2 ,i + 36 e2j2 )u 2 ] 
ui i(26 ei)2 + 56 eii3 )wi + (26 e2i 2 + 5& e2j3 )u 2 ] 

The directions [1 : 0] and [0 : 1] are characteristic directions. Imposing 

(5.1) 26 ei ,i + 36 eii2 = -1, 26 e2i2 + 56 e2i3 = -1, 

it follows that the two directions are non-degenerate characteristic directions for /. Furthermore 
setting 

(5.2) 26 e2i i + 36 e2j2 = -p, 2b eu2 + 5b eu3 = -q 

with q,p > 1 it is easy to see that (1, 0) and (0, 1) are normalized representative of fully attractive 
non-degenerate characteristic directions for / — hence F is (/, (1, 0))-attracting-non-degenerate 
and (/, (0, l))-attracting- non-degenerate. 

Finally, F is (/, (1, 0))-parabolically attractive if and only if 

(5.3) Re6 eiji <0 j = 1, 2, 3 
whereas F is (/, (0, l))-parabolically attractive if and only if 

(5.4) Re6 e2J <0 j = 1,2,3. 

Given p, q > 1, for any b et j, t = 1,2, j — 1,2,3 such that ( 15. ip . ( 15. 2p . ( 15. 3p are satisfied and 
Re6 e2i i > (such set of solutions is not empty, as it can be easily checked) the corresponding map 
F is (/, (1, 0))-parabolically attracting and (/, (0, l))-attracting- non-degenerate but not (/, (0, 1))- 
parabolically attracting. 

5.2. Basins of attraction for the inverse of an m-resonant germ. 

Proposition 5.1. Let F G Diff(C n ; 0) be m-resonant with respect to {Ai,...,A r } and of 
weighted order k . Then F' 1 is m-resonant with respect to {A^f 1 , . . . , A" 1 } and of weighted 
order k Q . Moreover, if F is attracting-non- degenerate (resp. parabolically attracting) with respect 
to {Ai,...,A r } then F~ l is attracting-non- degenerate (resp. parabolically attracting) with respect 

to{Ar 1 ,...,v 1 }. 

Proof. The eigenvalues of the linear part of the germ F~ l are {A^f 1 , . . . , A" 1 }. By Remark 13.71 we 
can choose local holomorphic coordinates such that 



Fj (z)=\ j z j + Yl a K ,z KP z J + 0(\\z\\ l+1 ) 



r. 



k <\K\<k l 
if GN m 



Therefore 



a K,j ^KP , 

T * 

Hence F _1 is m-resonant with respect to {A7 1 , . . . , A" 1 } and of weighted order k . 



F?\z) = \J 1 z j - £ ^fz™z j + ..., j = l,...,r. 

\K\=k 3 
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Moreover, assume that F is (/, v )-attracting-non-degenerate with respect to some parabolic 
shadow /(it) = u + H ko+ i{u) of F and a normalized representative v of a fully attractive non- 
degenerate characteristic direction for /. The corresponding parabolic shadow of F" 1 is / : u i— > 
u — Hk +i(u). Therefore, for any ( 6 C so that ( k " = —1, we have 

-H k0+1 (Cv) = -U(v). 

Since the map induced by —Hk +i in CP m_1 is the same as the one induced by —Hk +i, the matrix 
A((v) has all eigenvalues with positive real parts also in this case. Hence F~ l is (/, Cu)-attr acting- 
non-degenerate. 

Moreover, if F is (/, v)-parabolically attracting then 

Re ( £ Z^A^A = Re f yj =^C'A = Re ( £ < 0. 

K&i m KSN m 

Hence F _1 is (/, (v )-parabolically attracting. □ 

If F G Diff(C n ; 0), as customary a basin of attraction for F~ x is called a repelling basin for F. 
From Proposition 15.11 and Theorem 14.21 we thus have the following corollary: 

Corollary 5.2. Let F G Diff(C n ;0) be m-resonant with respect to all eigenvalues {Ai, ...,A n } 
and of weighted order k . Assume that \Xj\ = 1 for all j — 1, ... , n. If F is parabolically attracting 
then there exist (at least) ko repelling basins for F having on the boundary. 

5.3. Leau-Fatou flower theorem for one-resonant Poincare-Dulac normal form. Let G G 

Diff(C n ; 0) be one-resonant with respect to all eigenvalues {Ai, . . . , A n }, with |Aj| = 1, j = 1, . . . , n, 
and assume it is in Poincare-Dulac normal form f)3.3p . Assume G is non-degenerate, parabolically 
attracting (cfr. Remark 12.61) . with order ko > 1 and ordered generator a G N n . Let it : C n — > C be 
the projection given by (z\, . . . , z n ) h-> z a . Let u = z a = ir(z). Set 

(5.5) $(u) := Gi(^) Ql • • • G n (z) an =u + A(G)u ko+1 + 0{\u\ ko+2 ). 

Note that $ : (C, 0) — > (C, 0) is locally biholomorphic and tt o G = $ o n. Let , . . . , v£ be the 
attracting directions for $, and let C C, j = 1, . . . , k , be the attracting petals centered at 
Vj~. Arguing as in the proof of [Bl Proposition 4.2], since $ has no terms depending on z, it is not 
difficult to show that the sets 

U+ := ix-\P+) C C™, 

are basins of attraction for G. 

On the other hand, by (the proof of) Proposition 15. 1[ if v f , . . . , v ^ are the repelling directions 
for $, and P~ C C, j = 1, . . . , ko, are the repelling petals centered at v~, the sets 

UJ := Tr-\Pr) C C n 
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are repelling basins of G. By the very construction, the union of the UjS and the Uj 's and 

n 

{zj = 0} covers a full neighborhood of the origin. 

3=1 
cc^O 

Since on {zj = 0} for atj ^ the map G is linear, this provides a complete dynamical picture 
of G in a full neighborhood of 0. Hence we have the following generalization of the Leau-Fatou 
flower theorem: 

Theorem 5.3. Let F e Diff(C n ; 0) be one-resonant with respect to all eigenvalues {Ai,...,A n } 
with generator a G N n . Assume that F is holomorphically conjugated to one of its Poincare-Dulac 
normal forms. Suppose that \\A — 1, j — 1, . . . , n and F is parabolically attracting. Then for each 
j £ {l,...,n} such that aj ^ there exists a germ Mj of a complex manifold tangent to {zj = 0} 
at such that F(Mj) C Mj and F\m- is holomorphically linearizable. Moreover, there exists an 
open neighborhood W of such that W \ [J ■ Mj is the union of attracting and repelling basins 
ofF. 
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